
Continuum Modeling of Flowing 
Grains

Granular matter is very common --- sands, soils, raw materials, food stuffs, pills, powders --- but the challenge of predicting the motion of a collection 
of flowing grains has proven to be a difficult one, from both computational and theoretical perspectives. Grain-by-grain discrete element methods can be 
used, but these become computationally unrealistic for large systems and long times. A broadly accurate continuum model would be ideal as it could provide 
a much faster means of calculating flows and stresses in real-world problems, such as those encountered in industry and geotechnical applications.  
Motivated by this challenge, in this talk we present a new constitutive relation for granular matter, which is shown to produce quantitatively accurate 
predictions. The model emphasizes the key importance of cooperativity in the granular flow process through the inclusion of a grain-size-dependent length-
scale within the rheology. Upon calibration of the model's three material parameters, solutions of the model are shown to be in quantitative agreement with 
over 160 experiments in several different families of geometries, including the split-bottom cell, which had previously evaded continuum models. The same 
model is then shown to reconcile a number of other unusual manifestations of nonlocality in granular media, such as the motion-induced "quicksand" effect, 
wherein flow at one location effectively removes the yield stress everywhere, and the observation that thinner granular layers behave as if they are stronger.  
We conclude by examining circumstances where nonlocal effects are less significant, enabling modeling simplifications that can lead to reduced-order tools. 
For example, intrusion forces on macro-scale objects are often well-captured using a basic frictional plasticity model, which allows us to theoretically 
describe the previously-empirical Resistive Force Hypotheses. Using dimensional analysis of the plasticity system, we have identified a set of scaling laws 
inherent to the problem of granular locomotion. The results suggest a new down-scaled design approach to granular locomotion, reminiscent of scaling laws 
used in fluid mechanics.
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To reproduce the picture effects on this slide, do the following:
On the Home tab, in the Slides group, click Layout, and then click Blank.
On the Insert tab, in the Images group, click Picture. In the Insert Picture dialog box, select a picture and then click Insert.
Select the picture. Under Picture Tools, on the Format tab, in the Size group, click the Size and Position dialog box launcher. In the Format Picture dialog box, resize or crop the image so that the height is set to 7.5” and the width is set to 10”. To crop the picture, click Crop in the left pane, and in the right pane, under Crop position, enter values into the Height, Width, Left, and Top boxes. To resize the picture, click Size in the left pane, and in the right pane, under Size and rotate, enter values into the Height and Width boxes.
Also under Picture Tools, on the Format tab, in the Adjust group, click Artistic Effects, and then click Artistic Effects Options. In the Format Picture dialog box, click Artistic Effects in the left pane, and in the Artistic Effects pane, do the following:
Click the button next to Artistic Effect and select Blur. (second row, fifth option from the left)
In the Radius box, enter 60. 
Also in the Format Picture dialog box, click Picture Color in the left pane. Under Recolor, click the button next to Presets, and then click Blue, Accent color 1 Dark (second row).
Select the picture. On the Home tab, in the Clipboard group, click Copy. 
Press DELETE to delete the picture on the slide.
Also on the Home tab, in the Clipboard group, click the arrow below Paste, and then click Paste Special.  In the Paste Special dialog box, select Paste, and the under As select Picture (PNG). 
Select the picture. Under Picture Tools, on the Format tab, in the Size group, enter 7.5” into the Height box and 10” into the Width box.
Also under Picture Tools, on the Format tab, in the Adjust group, click Artistic Effects, and the click Artistic Effects Options. In the Format Picture dialog box, click Artistic Effects in the left pane, and in the Artistic Effects pane do the following:
Click the button next to Presets and select Film Grain (third row). 
In the Transparency box, enter 30%. 
In the Grain size box, enter 40%.

To reproduce the shape effects on the slide, do the following:
On the Home tab, in the Drawing group, click Shapes, and the under Rectangles click Rectangle (first option). 
On the slide, drag to draw a rectangle.
Select the rectangle. Under Drawing Tools, on the Format tab, in the Size group, enter 2.21” into the Height box and 10” into the Width box.
Right-click the rectangle, select Edit Points, and do the following:
Select the top left corner point of the rectangle. Drag the top curve handle (blue line) upward.
Select the top right corner point of the rectangle. Drag the top curve handle (blue line) downward.
Select the bottom left corner point of the rectangle. Drag the bottom curve handle (blue line) upward.
Select the bottom right corner point of the rectangle. Drag the bottom curve handle (blue line) downward.
(Note: Your shape may not look like the example above.)
On the Home tab, in the Clipboard group, click the arrow next to Copy, and then click Duplicate.
Select the second shape. Right-click the shape, select Edit Points. Narrow the shape by selecting the bottom points and dragging them towards the top points. 
(Note: Your shape may not look like the example above.)
Select the first shape. On the Home tab, in the Clipboard group, click the arrow next to Copy, and then click Duplicate.
Select the third shape. Right-click the shape, select Edit Points, and then do the following:
Narrow the shape by selecting the bottom points and dragging them towards the top points. 
Select the top left corner point of the rectangle. Drag the top curve handle (blue line) downward.
Select the top right corner point of the rectangle. Drag the top curve handle (blue line) upward.
Select the bottom left corner point of the rectangle. Drag the bottom curve handle (blue line) downward.
Select the bottom right corner point of the rectangle. Drag the bottom curve handle (blue line) upward.
(Note: Your shape may not look like the example above.)
Press and hold CTRL, and then select all three shapes. Under Drawing Tools, on the Format tab, in the Shape Styles group, click the Format Shape dialog box launcher. In the Format Shape dialog box, click Fill in the left pane, and in the Fill pane, do the following:
Select Solid fill.
Click the button next to Color and select Black, Text 1 (first row, second option from the left).
In the Transparency box, enter 90%.
Also in the Format Shape dialog box, click Line Color, and in the Line Color pane select No line. 
With all three shapes selected, on the Home tab, in the Drawing group, click Arrange, point to Align, and then do the following:
Click Align to Slide.
Click Align Center. 
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